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In this work, we apply a new integral transform the Abaoub-Shkheam Transform 
in solving first and second-order ordinary differential equations with constant 
coefficients and equations are concerned with a damping mechanical force 
system and an inductive capacitive electrical circuit in mechanics and electrical 
circuit problems with initial conditions. Also, we will discuss the applications 
of the Abaoub-Shkheam Transform in solving the differential equations related 
to successive radioactive decay of the parent nucleus which is an important 
subject in nuclear physics. Also included are the formulae for computing the 
daughter and granddaughter nuclei, as well as instructions for the function of the 
mechanical system's transfer. 

 

 
 
1.0 Introduction  
 
The linear differential equations with constant coefficients find their most important 
applications in the study of electrical, mechanical, and other linear systems. In fact, such 
equations play a dominant role in unifying the theory of electrical and mechanical oscillatory 
systems.  In this paper, we are using a new integral transform Abaoub-Shkheam transform [1] 
to solve mechanics and electrical circuit problems. As Laplace transform, this Abaoub-
Shkheam transform is also suitable to obtain the solution of linear non-homogeneous ordinary 
differential equations with constant coefficients. Abaoub-Shkheam transform to facilitate the 
process of solving ordinary and partial differential equations in the time domain. This 
conversion has been applied in many journals, including in Cryptography [4,8] and the solution 
of ordinary, partial, and integrative differential equations. [6,2,5] This underscores the success 
and importance of the conversion. This transformation is related to the Laplace, Elzaki, and 
Mahgoub transformations. We must solve ordinary differential equations in mechanics, 
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electrical circuit difficulties, and mechanical engineering based on the mathematical simplicity 
of this transform and its fundamental features [10]. solve the problems of mechanics, [13] 
electrical circuits, and beams problems using Elzaki transform [11] used a new transform – 
Mahgoub transform to solve the problems of mechanics and electrical circuits. The notion of 
Laplace transforms is used in science and technology such as electric circuit analysis, control 
engineering, communication engineering, and nuclear physics, as well as in quantum 
mechanics to solve differential equations [9,12]. The solutions of differential equations in the 
successive radioactive decay of the nucleus using Laplace transforms are detailed in this study. 
When a parent nucleus disintegrates into a daughter nucleus, the daughter nucleus may be 
radioactive, and the process continues until it reaches a stable nucleus, which is known as 
successive radioactive disintegration. 
 
2.0 Abaoub- Shkheam Transform "Q – Transform" 
 
The Abaoub-Shkheam transform defined by the integral equations 

𝑇𝑇(𝑢𝑢, 𝑠𝑠) = 𝑄𝑄[𝑓𝑓] = � 𝑓𝑓(𝑢𝑢𝑢𝑢) 𝑒𝑒−
𝑡𝑡
𝑠𝑠

∞

0

 𝑑𝑑𝑑𝑑            (1) 

provided that the integral exists for some 𝑠𝑠, where  𝑠𝑠 ∈  (− 𝑡𝑡1, 𝑡𝑡2) and 𝑓𝑓(𝑡𝑡) be a function 
defined for all 𝑡𝑡 ≥ 0, the Q-transform of 𝑓𝑓(𝑡𝑡) is the function 𝑇𝑇(𝑢𝑢, 𝑠𝑠) in definition (1) in [1]. 

 If we substitute 𝑢𝑢𝑢𝑢 = 𝑦𝑦, then Equation (1) becomes, 

𝑄𝑄[𝑓𝑓(𝑡𝑡)] =  𝑇𝑇(𝑢𝑢, 𝑠𝑠) =  
1
𝑢𝑢
� 𝑓𝑓(𝑦𝑦) 𝑒𝑒−

1
𝑢𝑢𝑢𝑢𝑦𝑦

∞

0

 𝑑𝑑𝑑𝑑    (2) 

2.1. Abaoub-Shkheam transform for some basic functions  
Elementary functions include algebraic and transcendental functions [4]. 

Table (1) The Abaoub-Shkheam Transform for elementary functions 

𝑓𝑓(𝑡𝑡) 1 𝑡𝑡𝑛𝑛 𝑒𝑒𝑎𝑎𝑎𝑎 sin 𝑎𝑎𝑎𝑎 cos𝑎𝑎𝑎𝑎 𝑠𝑠𝑠𝑠𝑠𝑠ℎ𝑎𝑎𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐ℎ𝑎𝑎𝑎𝑎 
 
𝑄𝑄[𝑓𝑓(𝑡𝑡)] =  𝑇𝑇(𝑢𝑢, 𝑠𝑠) 

 
𝑠𝑠 

  
𝑛𝑛!  𝑢𝑢𝑛𝑛𝑠𝑠𝑛𝑛+1 

𝑠𝑠
1 − 𝑎𝑎 𝑢𝑢 𝑠𝑠

 𝑎𝑎𝑎𝑎 𝑠𝑠2

1 + 𝑎𝑎2𝑢𝑢2𝑠𝑠2
 

 𝑠𝑠  

1 + 𝑎𝑎2𝑢𝑢2𝑠𝑠2
 𝑎𝑎𝑎𝑎 𝑠𝑠2

1 −  𝑎𝑎2𝑢𝑢2𝑠𝑠2
 

 𝑠𝑠  

1 −  𝑎𝑎2𝑢𝑢2𝑠𝑠2
 

 

The original function 𝑓𝑓 (𝑡𝑡) in (2) is called the inverse transform or inverse of 𝑇𝑇(𝑢𝑢, 𝑠𝑠), and is 
denoted by. 𝑓𝑓(𝑡𝑡) =  𝑄𝑄−1 { 𝑇𝑇(𝑢𝑢, 𝑠𝑠)}, A list of the Q-transforms for elementary functions is 
presented in Table (1). 

2.2. Some properties of Abaoub-Shkheam transform 

 In this part, we present some properties of the Abaoub-Shkheam transform [4]. 
 
i- 𝑄𝑄{𝑎𝑎 𝑓𝑓(𝑡𝑡) + 𝑏𝑏 𝑔𝑔 (𝑡𝑡)} = 𝑎𝑎 𝑄𝑄{𝑓𝑓(𝑡𝑡)} + 𝑏𝑏 𝑄𝑄{𝑔𝑔(𝑡𝑡)} , where 𝑎𝑎 and 𝑏𝑏 are constants.  
ii- If 𝑄𝑄{𝑓𝑓(𝑡𝑡)} = 𝑇𝑇(𝑠𝑠,𝑢𝑢), then  𝑄𝑄{𝑓𝑓(𝑎𝑎𝑎𝑎)} = 1

𝑎𝑎
𝑇𝑇 �𝑠𝑠

𝑎𝑎
, 𝑢𝑢�. 

iii- 𝑄𝑄�𝑓𝑓(𝑛𝑛)(𝑡𝑡)� =  𝑄𝑄{𝑓𝑓(𝑡𝑡)}
𝑢𝑢𝑛𝑛𝑠𝑠𝑛𝑛

 −  1
𝑢𝑢
∑ 𝑓𝑓(𝑘𝑘)(0)

(𝑢𝑢𝑢𝑢)𝑛𝑛−𝑘𝑘−1
𝑛𝑛−1
𝑘𝑘=0 .  
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iv- 𝑄𝑄{ 𝑓𝑓(𝑡𝑡) ∗  𝑔𝑔 (𝑡𝑡)} = 𝑢𝑢[𝑄𝑄{𝑓𝑓(𝑡𝑡)} 𝑄𝑄{𝑔𝑔(𝑡𝑡)}].   
 
3.0 Applications of "Abaoub – Shkheam" Transform  
  
3.1 Application to Mechanics 

Example (1)  

Suppose a particle 𝛲𝛲 of mass 2 grams moves on the 𝑋𝑋 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 and is attracted towards the origin 
𝑂𝑂 with a force numerically equal to8𝑋𝑋. If it is initially at rest at 𝑋𝑋 = 10 find the position at 
any subsequent time, assuming 

a. No other forces act.  
b. A damping force numerically equal to 8 times the instantaneous velocity acts. 

These problems can be solved by using the "Abaoub – Shkheam" Transform. 

From Newton’s law, the equation of motion of the particle is 

𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

+ 4𝑥𝑥 = 0   𝑜𝑜𝑜𝑜  2
𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

= −8𝑥𝑥     (3) 

With the initial conditions 𝑥𝑥(1)(0)  =  0and 𝑥𝑥(0)  =  10.  

Taking the "Abaoub – Shkheam" transform of sides of (3), we have 

𝑄𝑄�𝑥𝑥(2)� + 4𝑄𝑄[𝑥𝑥] = 0 

Using the "Abaoub – Shkheam" transform for derivatives, then 

𝑄𝑄(𝑥𝑥)
𝑢𝑢2𝑠𝑠2

−
1
𝑢𝑢2𝑠𝑠

𝑥𝑥(𝑜𝑜) −
1
𝑢𝑢
𝑥𝑥(1)(0) + 4𝑄𝑄(𝑥𝑥) = 0 

𝑄𝑄(𝑥𝑥) �
1

𝑢𝑢2𝑠𝑠2
+ 4� =

1
𝑢𝑢2𝑠𝑠

(10) +
1
𝑢𝑢

(0) 

𝑄𝑄(𝑥𝑥) =
10𝑠𝑠

1 + 22𝑢𝑢2𝑠𝑠2
 

Take inverse the "Abaoub – Shkheam" transform, we get 

𝑥𝑥 = 10𝑐𝑐𝑐𝑐𝑐𝑐2𝑡𝑡. 

1. In this case, the equation of motion of particle is 

2
𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

= −8𝑥𝑥 − 8
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

   𝑜𝑜𝑜𝑜  
𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

+ 4
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 4𝑥𝑥 = 0         (4) 

with initial conditions 𝑥𝑥(1)(0)  =  0and 𝑥𝑥(0)  =  10 . 

Taking the "Abaoub – Shkheam" transform of both sides of (4), we have 

𝑄𝑄�𝑥𝑥(2)� + 4𝑄𝑄�𝑥𝑥(1)� + 4[𝑥𝑥] = 0 

Using the "Abaoub – Shkheam" transform for derivatives, then 
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𝑄𝑄(𝑥𝑥)
𝑢𝑢2𝑠𝑠2

−
1
𝑢𝑢2𝑠𝑠

𝑥𝑥(𝑜𝑜) −
1
𝑢𝑢
𝑥𝑥(1)(0) + 4

𝑄𝑄(𝑥𝑥)
𝑢𝑢𝑢𝑢

−
4
𝑢𝑢
𝑥𝑥(𝑜𝑜) + 4𝑄𝑄(𝑥𝑥) = 0 

𝑄𝑄(𝑥𝑥) �
1

𝑢𝑢2𝑠𝑠2
+

4
𝑢𝑢𝑢𝑢

+ 4� =
1
𝑢𝑢2𝑠𝑠

(10) +
1
𝑢𝑢

(0) +
4
𝑢𝑢

(10) 

𝑄𝑄(𝑥𝑥) =
10𝑠𝑠 + 40𝑢𝑢𝑠𝑠2

4𝑢𝑢2𝑠𝑠2 + 4𝑢𝑢𝑢𝑢 + 1
 

𝑄𝑄(𝑥𝑥) =
10𝑠𝑠

1 + 2𝑢𝑢𝑢𝑢
+ 20

𝑢𝑢𝑠𝑠2

(1 + 2𝑢𝑢𝑢𝑢)2
 

Take inverse the "Abaoub – Shkheam" transform, we get 

𝑥𝑥 = 10𝑒𝑒−2𝑡𝑡 + 20𝑡𝑡𝑒𝑒−2𝑡𝑡. 

3.2       Applications to Electrical Circuits 

The "Abaoub – Shkheam" transform can also be used to determine the charge on the capacitors 
and currents as functions of time. 

Example (2)  

We find the current in the circuit, an alternating 𝑒𝑒.𝑚𝑚.𝑓𝑓. 𝐸𝐸 𝑠𝑠𝑠𝑠𝑠𝑠 𝜔𝜔𝜔𝜔 is applied to an inductance 𝐿𝐿 
and a capacitance 𝐶𝐶 in series. with the differential equation for the determination of the current 
I in the circuit is given as 

𝐿𝐿
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝑄𝑄
𝐶𝐶

= 𝐸𝐸 sin𝜔𝜔𝜔𝜔           (5) 

Where                                         𝐼𝐼 = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

     (6)   

 Also, at 𝐼𝐼 = 0 = 𝑄𝑄 , 𝑡𝑡 = 0. 

Taking the "Abaoub – Shkheam" transform of both sides of (5) and (6), we have 

𝐿𝐿𝐿𝐿[𝐼𝐼(1)] +
1
𝐶𝐶
𝑄𝑄[𝑄𝑄] = 𝐸𝐸 Q[sin𝜔𝜔𝜔𝜔]           

𝑄𝑄[𝐼𝐼(1)] +
1
𝐿𝐿𝐿𝐿

𝑄𝑄[𝑄𝑄] =
𝐸𝐸
𝐿𝐿

Q[sin𝜔𝜔𝜔𝜔]           

𝑄𝑄�𝐼𝐼(1)� + 𝑛𝑛2𝑄𝑄[𝑄𝑄] =
𝐸𝐸
𝐿𝐿

Q[sin𝜔𝜔𝜔𝜔]        ;𝑛𝑛2 =
1
𝐿𝐿𝐿𝐿

     (7)     

𝑄𝑄(𝐼𝐼)
𝑢𝑢𝑢𝑢

−
1
𝑢𝑢
𝐼𝐼(𝑜𝑜) + 𝑛𝑛2𝑄𝑄(𝑄𝑄) =

𝐸𝐸
𝐿𝐿
�

𝜔𝜔𝜔𝜔𝑠𝑠2

1 + 𝜔𝜔2𝑢𝑢2𝑠𝑠2
�       (8) 

Apply the initial condition, then 

𝑄𝑄(𝐼𝐼)
𝑢𝑢𝑢𝑢

+ 𝑛𝑛2𝑄𝑄(𝑄𝑄) =
𝐸𝐸
𝐿𝐿
�

𝜔𝜔𝜔𝜔𝑠𝑠2

1 + 𝜔𝜔2𝑢𝑢2𝑠𝑠2
�        

 

𝑄𝑄(𝐼𝐼) = 𝑄𝑄�𝑄𝑄(1)� =
1
𝑢𝑢𝑢𝑢
𝑄𝑄(𝑄𝑄) −

1
𝑢𝑢
𝑄𝑄(0) =

1
𝑢𝑢𝑢𝑢
𝑄𝑄(𝑄𝑄) 

𝑄𝑄(𝑄𝑄) = 𝑢𝑢𝑢𝑢𝑄𝑄(𝐼𝐼)      (9) 
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From (8) and (9), we get 

𝑄𝑄(𝐼𝐼) �
1
𝑢𝑢𝑢𝑢

+ 𝑛𝑛2𝑢𝑢𝑢𝑢� =
𝐸𝐸
𝐿𝐿
�

𝜔𝜔𝜔𝜔𝑠𝑠2

1 + 𝜔𝜔2𝑢𝑢2𝑠𝑠2
�        

𝑄𝑄(𝐼𝐼) =
𝐸𝐸
𝐿𝐿
�

𝜔𝜔𝜔𝜔𝑠𝑠2

1 + 𝜔𝜔2𝑢𝑢2𝑠𝑠2
�  �

𝑢𝑢𝑢𝑢
1 + 𝑛𝑛2𝑢𝑢2𝑠𝑠2

�       

𝑄𝑄(𝐼𝐼) =
𝐸𝐸
𝐿𝐿
�

𝜔𝜔
𝑛𝑛2 − 𝜔𝜔2�  �

𝑠𝑠
1 + 𝜔𝜔2𝑢𝑢2𝑠𝑠2

−
𝑠𝑠

1 + 𝑛𝑛2𝑢𝑢2𝑠𝑠2
�       

Take inverse the "Abaoub – Shkheam" transform, we get 

𝐼𝐼 =
𝐸𝐸
𝐿𝐿
�

𝜔𝜔
𝑛𝑛2 − 𝜔𝜔2�  �𝑄𝑄−1 �

𝑠𝑠
1 + 𝜔𝜔2𝑢𝑢2𝑠𝑠2

� − 𝑄𝑄−1 �
𝑠𝑠

1 + 𝑛𝑛2𝑢𝑢2𝑠𝑠2
��       

𝐼𝐼 =
𝐸𝐸𝜔𝜔
𝐿𝐿
�

1
𝑛𝑛2 − 𝜔𝜔2� (𝑐𝑐𝑐𝑐𝑐𝑐𝜔𝜔𝜔𝜔 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐). 

  
3.3 Applications to in nuclear physics 

The fundamental relationship explaining radioactive decay is represented by this equation, 
where 𝑁𝑁 =  𝑁𝑁(𝑡𝑡) denotes the number of undecayed atoms remaining in a sample a radioactive 
isotope at the time and is the decay constant.[3] 

The goal of researching sequential decay is to determine the number of atoms or nuclei in each 
component of this chain. So, if we symbolize the number of atoms of the parent elements in 
time t by the 𝑁𝑁1, and the decay constant for it is 𝜆𝜆1, the number of atoms of the daughter nucleus 
𝑁𝑁2, which is active, and the decay constant for it is 𝜆𝜆2  the number of atoms of the 
granddaughter nucleus𝑁𝑁3, which is a stable element. If the boundary condition for all atoms or 
nuclei at time 𝑡𝑡 = 0 is If we assume that the rate of decay of the mother atoms is precisely 
equal to the rate of production of the daughter atoms and that the rate of decay of the daughter 
atoms equals the rate of production of the granddaughter atoms, the entire process can be 
represented using the three equations as follows: 

𝑑𝑑𝑁𝑁1
𝑑𝑑𝑑𝑑

= −𝜆𝜆1𝑁𝑁1      (10) 
𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑

= 𝜆𝜆1𝑁𝑁1 − 𝜆𝜆2𝑁𝑁2      (11) 
𝑑𝑑𝑁𝑁3
𝑑𝑑𝑑𝑑

= −𝜆𝜆2𝑁𝑁2      (12) 

According to the Basic Law, the relationship (10) defines the rate of disintegration for the 
parent atoms. The equation (11) states that the daughter atoms are generated at a rate and 
disintegrate at a rate, whereas the equation (12) states that the granddaughter atoms 𝑁𝑁3 are 
formed at a rate. [7] By solving the set of equations (10,11,12), the number of atoms of each 
type of the three members of the chain 𝑁𝑁1,𝑁𝑁2 and 𝑁𝑁3 as a function of time may be obtained 
using the "Abaoub - Shkheam" transform as follows: 
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𝑑𝑑𝑁𝑁1
𝑑𝑑𝑑𝑑

= −𝜆𝜆1𝑁𝑁1 

We can use the"Abaoub – Shkheam" transform to solve this equation. Rearranging the 
above equation, we get 

𝑑𝑑𝑁𝑁1
𝑑𝑑𝑑𝑑

+ 𝜆𝜆1𝑁𝑁1 = 0 

      Taking "Abaoub – Shkheam" transform on both sides 

𝑄𝑄[𝑁𝑁1
(1)] + 𝜆𝜆1𝑄𝑄[𝑁𝑁1] = 0 

𝑄𝑄(𝑁𝑁1)
𝑢𝑢𝑢𝑢

−
1
𝑢𝑢
𝑁𝑁1(𝑜𝑜) + 𝜆𝜆1𝑄𝑄(𝑁𝑁1) = 0 

𝑄𝑄(𝑁𝑁1) �
1
𝑢𝑢𝑢𝑢

+ 𝜆𝜆1� =
1
𝑢𝑢
𝑁𝑁1(𝑜𝑜) 

𝑄𝑄(𝑁𝑁1) =
𝑠𝑠

1 + 𝜆𝜆1𝑢𝑢𝑢𝑢
𝑁𝑁1(𝑜𝑜)        (13) 

Take inverse "Abaoub – Shkheam" transform, we get 

𝑁𝑁1(𝑡𝑡) = 𝑒𝑒−𝜆𝜆1𝑡𝑡𝑁𝑁1(𝑜𝑜) 

Now equation (11) 

𝑑𝑑𝑁𝑁2
𝑑𝑑𝑑𝑑

= 𝜆𝜆1𝑁𝑁1 − 𝜆𝜆2𝑁𝑁2       

  Taking "Abaoub – Shkheam" transform on both sides 

𝑄𝑄[𝑁𝑁2
(1)] + 𝜆𝜆2𝑄𝑄[𝑁𝑁2] = 𝜆𝜆1𝑄𝑄[𝑁𝑁1] 

𝑄𝑄(𝑁𝑁2)
𝑢𝑢𝑢𝑢

−
1
𝑢𝑢
𝑁𝑁2(𝑜𝑜) + 𝜆𝜆2𝑄𝑄(𝑁𝑁2) = 𝜆𝜆1𝑄𝑄(𝑁𝑁2) 

𝑄𝑄(𝑁𝑁2) �
1
𝑢𝑢𝑢𝑢

+ 𝜆𝜆2� = 𝜆𝜆1𝑄𝑄(𝑁𝑁1)       (14) 

Since 𝑁𝑁2(𝑜𝑜) = 0 

Substituting from (13) in to (14) we get 

𝑄𝑄(𝑁𝑁2) = 𝜆𝜆1𝑁𝑁1(𝑜𝑜) �
𝑠𝑠

1 + 𝜆𝜆1𝑢𝑢𝑢𝑢
�   �

𝑢𝑢𝑢𝑢
1 + 𝜆𝜆2𝑢𝑢𝑢𝑢

�       (15) 

𝑄𝑄(𝑁𝑁2) =
𝜆𝜆1

𝜆𝜆2 − 𝜆𝜆1
𝑁𝑁1(𝑜𝑜) ��

𝑠𝑠
1 + 𝜆𝜆1𝑢𝑢𝑢𝑢

� −  �
𝑠𝑠

1 + 𝜆𝜆2𝑢𝑢𝑢𝑢
��       

Take inverse "Abaoub – Shkheam" transform, we get 

𝑁𝑁2(𝑡𝑡) =
𝜆𝜆1

𝜆𝜆2 − 𝜆𝜆1
𝑁𝑁1(𝑜𝑜)�𝑒𝑒−𝜆𝜆1𝑡𝑡 − 𝑒𝑒−𝜆𝜆2𝑡𝑡� 

Now equation (12) 
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𝑑𝑑𝑁𝑁3
𝑑𝑑𝑑𝑑

= −𝜆𝜆2𝑁𝑁2       

 Taking "Abaoub – Shkheam" transform on both sides 

𝑄𝑄�𝑁𝑁3
(1)� = −𝜆𝜆2𝑄𝑄[𝑁𝑁2] 

𝑄𝑄(𝑁𝑁3)
𝑢𝑢𝑢𝑢

−
1
𝑢𝑢
𝑁𝑁3(𝑜𝑜) = −𝜆𝜆2𝑄𝑄(𝑁𝑁2)    (16) 

𝑄𝑄(𝑁𝑁3) = −𝑢𝑢𝑢𝑢 𝜆𝜆2𝑄𝑄(𝑁𝑁2) 

Since 𝑁𝑁3(𝑜𝑜) = 0 

Substituting from (15) in to (16)we get 

𝑄𝑄(𝑁𝑁3) = −𝜆𝜆1𝜆𝜆2𝑁𝑁1(𝑜𝑜) �𝑢𝑢𝑢𝑢 �
𝑠𝑠

1 + 𝜆𝜆1𝑢𝑢𝑢𝑢
�   �

𝑢𝑢𝑢𝑢
1 + 𝜆𝜆2𝑢𝑢𝑢𝑢

��       

𝑄𝑄(𝑁𝑁3) = 𝑁𝑁1(𝑜𝑜) �𝑠𝑠 −
𝜆𝜆2

𝜆𝜆2 − 𝜆𝜆1
�

𝑠𝑠
1 + 𝜆𝜆1𝑢𝑢𝑢𝑢

� +
𝜆𝜆1

𝜆𝜆2 − 𝜆𝜆1
 �

𝑠𝑠
1 + 𝜆𝜆2𝑢𝑢𝑢𝑢

��       

Take inverse "Abaoub – Shkheam" transform, we get 

𝑁𝑁3(𝑡𝑡) = 𝑁𝑁1(𝑜𝑜) �1 −
𝜆𝜆2

𝜆𝜆2 − 𝜆𝜆1
𝑒𝑒−𝜆𝜆1𝑡𝑡 −

𝜆𝜆1
𝜆𝜆2 − 𝜆𝜆1

𝑒𝑒−𝜆𝜆2𝑡𝑡�. 

 
3.4 Applications to in Mechanical Engineering 

In the Mechanical engineering field, the "Abaoub – Shkheam” Transform is widely used to 
solve differential equations occurring in the mathematical modeling of mechanical systems to 
find the transfer function of that particular system [10]. Following the example describes how 
to use the Abaoub-Shkheam Transform to find. 

Example (3) 

The tank shown in the figure is initially empty 𝑡𝑡 = 0. A constant rate of flow 𝑄𝑄𝑖𝑖 is added for 
𝑡𝑡 > 0. The rate at which flow leaves the tank is 𝑄𝑄0 = 𝐶𝐶𝐶𝐶..  The tank's cross-sectional area is 
𝐴𝐴. Solve the differential equation for H's head.  Calculate the time constant and the system's 
transfer function. 

Given that 𝑄𝑄0 = 𝐶𝐶𝐶𝐶. 

Let, 𝑀𝑀 =  Mass of fluid 

𝑒𝑒 =Density of fluid 

Mass = 𝑀𝑀 = Volume density = 𝐴𝐴𝐴𝐴 × 𝑒𝑒 

Mass flow rate = 𝑀𝑀 = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑑𝑑
𝑑𝑑𝑑𝑑

(𝐴𝐴𝐴𝐴 × 𝑒𝑒) = 𝑒𝑒𝑒𝑒 × 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 

We know that, Mass flow rate into tank = Mass in flow rate – Mass out flow rate. 



Malaysian Journal of Industrial Technology (MJIT), Volume 8, No.4, 2024 
eISSN: 2637-1081 

8:4 (2024) | www.mitec.unikl.edu.my/mjit | eISSN: 2637-1081 
Page | 52 

 
 

𝑒𝑒𝑒𝑒
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑒𝑒𝑄𝑄𝑖𝑖 − 𝑒𝑒𝑄𝑄0 

𝐴𝐴
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑄𝑄𝑖𝑖 − 𝑄𝑄0 

𝐴𝐴
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑄𝑄𝑖𝑖 − 𝐶𝐶𝐶𝐶   ∶ 𝑄𝑄0 = 𝐶𝐶𝐶𝐶 

𝑄𝑄𝑖𝑖 = 𝐴𝐴
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝐶𝐶𝐶𝐶 

This equation represents the differential equation for head 𝐻𝐻 

 Now, Taking Abaoub-Shkheam Transform on both sides 

𝑄𝑄[𝑄𝑄𝑖𝑖] = 𝐴𝐴𝐴𝐴[𝐻𝐻(1)] + 𝐶𝐶𝐶𝐶[𝐻𝐻] 

𝑄𝑄(𝑄𝑄𝑖𝑖) = 𝐴𝐴 �
𝑄𝑄(𝐻𝐻)
𝑢𝑢𝑢𝑢

−
𝐻𝐻(0)
𝑢𝑢

� + 𝐶𝐶𝐶𝐶(𝐻𝐻) 

𝑄𝑄(𝑄𝑄𝑖𝑖) =
𝐴𝐴
𝑢𝑢𝑢𝑢
𝐻𝐻(𝑠𝑠) + 𝐶𝐶𝐶𝐶(𝐻𝐻)  ;  𝐻𝐻(0) = 0 

𝑄𝑄(𝑄𝑄𝑖𝑖) = �
𝐴𝐴
𝑢𝑢𝑢𝑢

+ 𝐶𝐶�𝑄𝑄(𝐻𝐻)   

𝑄𝑄(𝐻𝐻)
𝑄𝑄(𝑄𝑄𝑖𝑖)

=
𝑢𝑢𝑢𝑢

𝐴𝐴 + 𝑐𝑐𝑐𝑐𝑐𝑐
          (17)   

But  𝑄𝑄0 = 𝐶𝐶𝐶𝐶 , Taking Abaoub-Shkheam Transform, we get 𝑄𝑄[𝑄𝑄0] = 𝐶𝐶𝐶𝐶[𝐻𝐻] 

𝑄𝑄(𝑄𝑄0) = 𝐶𝐶𝐶𝐶(𝐻𝐻) 

𝑄𝑄(𝐻𝐻) = 𝑄𝑄(𝑄𝑄𝑖𝑖)
𝐶𝐶

  , Using this in equation (17), we get 

𝑄𝑄(𝑄𝑄0)
𝐶𝐶𝑄𝑄(𝑄𝑄𝑖𝑖)

=
𝑢𝑢𝑢𝑢

𝐴𝐴 + 𝑐𝑐𝑐𝑐𝑐𝑐
 

𝑄𝑄(𝑄𝑄0)
𝑄𝑄(𝑄𝑄𝑖𝑖)

=
𝑢𝑢𝑢𝑢

𝐴𝐴
𝐶𝐶 + 𝑢𝑢𝑢𝑢

 

𝑄𝑄(𝑄𝑄0)
𝑄𝑄(𝑄𝑄𝑖𝑖)

=
1

1 + �𝐴𝐴𝐶𝐶� 𝑢𝑢𝑢𝑢
 

This equation represents the transfer function of system. time constant 𝜏𝜏 = 𝐴𝐴
𝐶𝐶
. 

4.0 Conclusion  
 
In this paper, we are solving ordinary differential equations in mechanics and electrical circuit 
problems, and Mechanical Engineering and nuclear physics, using by integral transform 
Abaoub-Shkheam transform. This new method is more efficient and easier to handle such 
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differential equations in comparison with other methods. Also, this method is very efficient 
and simple, and engineering applications can be extended to other problems of diverse nature, 
and the application of the Abaoub-Shkheam Transform in the nuclear physics field, especially 
in the decay and growth of nuclei or atoms. and is a very effective tool for simplifying many 
complex problems in the nuclear physics field.  The results have been obtained using very little 
computational work and spending very little time. Abaoub-Shkheam Transform is a very 
effective tool to simplify very complex problems in the area of stability and control. It goes 
without saying that Abaoub-Shkheam Transform is put to tremendous use in the Mechanical 
Engineering field. 
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